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ABSTRACT 


This, paper describe; a new Geometry Theorem Proper, nvhich was implemented (0 
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concentrates On the forward search method, and givos. two (samples <?F proofs produced that 
way. Part 2 describe; the backward search mechanism, and presents profits to a secuence of 
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in a problem, defines a notion of semantic symmetry, and compares it to Gelarnter’s concept 
of syntactic symmetry. 
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Introduction: 


Thas p*per discusses issues in Geometry Theorem Proving as a case-study In problem 
solving and in heuristic search One way of vLewjng the problem solving process Is as a 
large iree-search; at each step tine problem solver chooses one of the strategics available to 
him;he:, and then proceeds CO the next decision point In such a search the mere rxiscmce 
of an algorithmic way for reaching a solution ti in many oases of no real interest, since the 
size of the tree might render It totally Impracticable. Rather, the interesting problem is 
finding intelligent search methods This means, primarily, using knowledge of the problem 
domain to direct the search towards the paths with a greater likelihood of Success. In this 
respect the present paper makes a new contribution, as previous C.T.P systems did not 
address themselves directly to the above aspects of theorem proving. 

The G.T.P. system i.S described m the first two sections of the paper. For 
methodological reasons the first one concentrates on what it known at the "forward search*, 
while the second diSCUSSts Che backward {also known as Che '"analytic") method. This 
distinction is convenient, although the complete system should be able to make a flexible use 
of both methods, as well as of some others. Like the m:ddle-out search described in the bexL 
The last section of the paper describes a method for dealing with issues of symmetry in 
geometry problems. In addition to the ability of prKreaTLng a list of all the symmetries in a 
problem (the way GeSerncer did In has syntactic symmetry method), this new approach 
enables one CO say something like: 'This new goat resembles a previous one. So let me 
check, whether the same proof applies here too." Although the treatment of the problem is 


sumewhai formal, the mam intention nf thus section is to provide a way for dealing 'with 
jypjime-nei in a natu:al and flexible way. 


PART I 


U General Background 

Th.j? section is aimed at describing b-nefly those issues and concepts discussed in 
previous research which reappear in this work,. The first, and the most well known work in 
this area, was done by Celerntei, He was interested in genera] aspects trf producing formal 
proofs by machine, and the main ideas he discussed were: 

l The me of an analytic method, alio called 'chaining backward**, which reasoned 
backwards from the goal to the hypotheses. 

Z The use of the diagram as a filter heuristic,. that is, rejecting iubgoals which are 
not consistent With the diagram, 

1. Syntactic symmetry: this is an approach to the problem of constructing and 
justifying a proof, in which one subgoal is proved formally, while another 
subgoai is said to be "similar* to the first, 

Twd other systems chat produced proofs to geomeiry theorems were implemented at 
the MJX AI Lab i The first by Ira Goldstein (Goldstein 1973) and the second by Arthur 
Nersnt (Nevlns 19 , 74}. One of Goldstein's mtln concerns was implementing a system in a 
high level and natural formalism that facilitated Che represenUiiOn of mathematical 
knowledge in a program. His PLANNER-based system had indeed a natural and simple 
structure. But because it depended heavily on rigid ;op-down tree search. It was doomed to 


ipcnd an ever incfeiung fraction of its time fcllowing- dead end paths as the problems 
became mote complex, Nevin^ on the other hand, explored the other extreme and 
implemented a sj®em using most \f forward chaining. While Goldsuii* system use of the 
diagram was similar to Celeinter't, Nevins did noc use the diagram at aif The neat few 
sections describe the ways the dtagram it used in the model-driven GXP. 

12 Description of the System. 

The theorem proving system processes a problem in three phases: 

Phase 1 is a pre-processing: the second stage is m "attach -and-explore - cycle; and phase 3 
ii a backward search, 

1.2a Pre-processing. 

The - trst phase is executed before the hypotheses are given, to ihe system. At this 
stage the system manipulates the diagram with the ultimate goal of creating what will be 
aI]Kl games. These frames have "slots" in which relevant data are filled in the 

course o: rhe proof. The following example illustrates Olir intention, Let (A 3 C D) bE a 
parallelogram in the diagram. The system creates * frame for the parallelogram, of the 
following form: 

c vA B c D) (segment AB - segment CD) (segment AD - segment DC) 

(segment AB parallel segment CD) {segment AT) parallel segment BC} 

{angle BAD * angle BCD) (angle ABC - angle ADC) 



(nil nil nil m] nil nil} > 

The gyrr gnt kngffledge bung (nil nil nil nil nil nil} meant, chat nothing 1 $ known 

yet about this frame. Thii is an instance Of Che general structure; 

"Subject {e.g. parallelogram) 
important faces (e.g. Oppasite^Ldes or angles equality) 
iicnowledge (e.g. current state Of knowledge) 

Suppose now chat in a later stage the system learnt that (segment AD - segment BG). 
One of the things it will then do, 34 to attach this fact to the above structure. It will find 
that the equality (segment AD - Segment BC) is the second member of the above frame, and 
Mnsequtmly the currant Mate of knowledge will change to: (nil T nil nil nil nil). Thar is, 
the second fact Attached to the reference frame has been established. The procedure is 
reversible, tn the sense that the T-NIL lnt, which constitutes the current state ur knowledge 
can be examined, and the fact that (segment AD - segmen; BC} be deduced. We say 
therefore that the fact is attached to the frame. A characteristic feature of that structure is 
Chat the same datum might appear (sometimes implicitly) in more chan one frame. A face 
also appears once explicitly m the general data-base, a list called "KNOWN", that keeps 
tract of the known facta together wj;h their reasons. Then. KNOWN might contain: 

((Segment (A D) ' Segment fB C)) (Kelson: Given}). 

A problem that arises here, 34 the need for canonic names for geometric objects- 
Thia was done uiing lexicographic order, based on the Lisp ALFHALESSF predicate, (See 
Nmrts, Kevins lS7f> and also Goldstein I97$> for discussion of this,) Thus a segment (I 
X) Will be rearranged in the data base as (x Z) and (E A) as (A B). The equality between 





rhoie segments will be asserted as: (Segment AE - Segment XZ). 

A parallelogram (PI P2 P3 P4) will not be simply rearranged m ALPHALESSP 
ardw.in order to preserve the property that one can go around the parallelogram from PJ to 
F2 to P3 to Pi i herefore Pi, the first point in the canonic name of a parallelogram, will 
indeed be the ALPHA MEN point (The Least point In ALPHALESSP order). P2 will be the 
ALPHALESSP point between the two neighbors of PL and ihen we proceed by going 
around the parallelogram from PI to PZ. B 



The referenoe-frimes lists created by the system in thefim phase include 

1. A iiSt oF congruent triangles (OONGRUDUST) 

2. A list of similar trcanglw (SIMDLtST) 

S, A List of parallel lines (PARALUST) 

4. A list of parallelograms (F ARAL LIST) 

5. A list of triangles-with-bisectors{BISECTLl5T) 

After Creating those lists, phase 3 terminates; and phase 2 begins. 
l £b Attach and explore. 

In this second phase, the hypotheses are given to the system. The program handles 
them in a rather simple way, which we might describe as 'Attach and cxolm-eT 






Firstly, it Attache! every datum to all its appropriate frames. that is, a]) the frames 
tha, have slots in which the specific datum fits. Nate that during this procedure there are 
no interactions between data; in principle, it can proceed in parallel, if one does not insist 
on asserting the consequences immediately after they are established, 

Secondly,. * c S™ 1 ' n "° Exploration mode'. Some exploring functions are invoked. 
Which examine the current state of knowledge of the different frames. If the exploring 
function finds the list (T nil T nil nil ml) at the end or the parallelogram frame of (A 13 G 
D), It asserts the lemma that ((A E C D ) is a parallelogram } (Reason: Equal and parallel 
apposite Sides)), adding this new fact to the data-base (The KNOWN list), Recall that the 
A BCD parallelogram frame was creared by examining the diagram, and hence the existence 
of the frame is not a proof that ABCD is a patillelcgram- 

l-Sc How curious to be? 

When new facts are discovered one can proceed by attaching them to their frames, 
thus creating a new attach-and-explore cycle. This process can iterate until it (hopefully) 
hits the goal. This is, of course what we called forward chaining, and examples of proofs 
produced in thus way wil! be examined iater. 

Not all data are created equal; Some are always explored- some neve: are, and some 
are explored only if the system is, ciolujl about them, is will be explained below, if the 
system xnows that in triangle XYZ. (angle XYZ - angle XZY) it concludes that ((segment 
X’i - segment XZ) (Season; isosceles triangles)), and tries to establish new consequences. 

On Che other hand, if !he Congruence; (triangle ABC - triangle XYZ) is established, the 


consequences: 


(Segment AB * Segment XY) 

(Segment BC w 5-Egment VZ} 

{Segment AC - Segment XZ) etc. are assarted and added to the data base without 
t>eirt£ f urther explored. The rationale fir this If the following': The statement {triangle 
ABC - triangle XVZj has a different Status than the Statements; 

{segment (A B) - segment {X Y}) or, (angle (ABC) - angle {X ¥ Z)) 

It u more powerful than the |«c [wg statements and contain mare information, (In fact & 
times as much}. 

t he notion congruence" constitutes therefore a compact concept. Besides containing 
much information, a concept has to occur frequently enough in order to be a useful compact 
concept. For example: the concept SUper-rangruent (triangle-!, triangle-^, triangle-3}, Stating 
that irianglH - trsangie-U - triangle-3, and ail are isosceles, is compact, but not useful. 

A reasonable place i* stop the forward chaining is upon organiiing the data m 
uset ul, compaci concepts. In the geometry domain, "parallelogram" and "congruence-* are 
examples of such concEpt?, The concept "congruence* for instance, should be represented in 
such a way. that should seme other function search for the segments’ equality, it would he 
immediately available trom the congruence. However, if no such requirement is made, this 
statement will stay still in its compact packing. Thus, we can also make a distinction between 
active versus passive data. 

There are cases, however, when we might wish to alter this situation. The following 
is an Example of such a case: Suppose we are in a backward search, trying to prove: (Angle 





ABC - Angle XYZ). We examine our reference-frame.! n see if there it any natural 
subgoal, lixe a pair of diagram-congruent triangles (i.e. a member of CONG RUB}, but find 
™ fe We would like to tell the intern h Mal*a transition to forward search, and follow the 
consequences of some fact unexplored so fir" The way of miking rhe system more curl™, 
about the things if discovers, it by setting the variable ’curlositf to * non-nil vilue. It n 
posiible to imagine extentiorvt of such m approach that prov.des a more flexible control 
over the system’s tendency towards forward or backward chaining. 

This Style Of H atEach-ancL-expiare F saves future recompute Ions. For estampEe, suppose 
that the fact that (Segment AB - Segment XY) it known to the system, It then tries to find 
a pair of congruent triangles, in which (A B) and {X Y)are sides, and establish their 
congruence. It eventually fails, because there is not enough data as yti for that. If it do« 
not *eep in mind (within the appropriate reference frame) the fact that, say triangles {A B 
Q ind (X Y Z) agree already in one side, it is forced to re-find them and the relevant daca 
about them in the data base, when (Segment BC - Segment YZ) iialso known. 

1.2d Backward search. 

As the first stage of forward search is terminated, the system starts backward 
chaining, and from now on it might switch from one mode to another. The system's 
structure was designed to facilitate such a task, but because a more detailed description of 
chat phase is presented in part 2. only general remarks will be made here. The general 
scheme of the backward search phase a as follows: 

When a goal j$ ^t Forth, the program examines all the possible subgoals. It then 


ch*eki whether one of there subgoais bai already been established. Thti situation might 
ariifl, when the subgoal jj a passive kmd of data, in which case the system did not try ro 
establish any new consequences of it If none of the sub-problems is already proved, the 
system solicits the help of a Plausible (Wove Generator (P.M.G), This decision can be 
efficiently reached because the systems iteep records of the currsm state of knowledge (as 
Opposed to Goldstein's and Nevins' systems, in which this was done only in a limited way). 
Another advantage of the current state of knowledge fist has been mentioned already, 
namely, that it can save nrcompytuions. For these reasons, (his feature probably has a 
general applicability and importance 

Suppose the torrent goal is (segment XY * segment AB). The system ii in a position 
to answer with minimum amount of computation questions like: "Find if (X Y) and (A B) 
are corresponding' sides of some congruent triangles Examine those triangles to see about 
which Of them wc have the largest amount of data, and what kind oF data." The system 
compares the possible subgoals, scores therij and then pursues the highest scored subgoal. 
(The main function of the P.M.G 1* then, acting as a "Static’Evaluator".) Some 
modifications of this behaviour are possible: 

1. Upon hitting a very hLgh scored subgoal the systems Stops evaluating the Other 
subgoals and tries that one. (Similar to Connive " hang",) 

% Aj, mentioned easier, if the scores are too low the system might wish to switch to 
forward search fora while (by Seising "CURIOSITY" to TJl 


I.2e Msddle-Out Search: 


Upon examination o: human methods pf proving geometry problems, one observes 
that a "middle-our search" heuristic i* sometime: used. especially in difficult problem!. The 
idea i; to find am interesting" figure in the diagram, like a parallelogram, or a pair of 
congruent triangles, (those "interesting figures" are closely related to the compact concepts) 
and try to establish that property. Jn doing so, the problem solver is relying on the 
assumption, that coincidences aie not lively to happen: A parallelogram in the diagram is 
probably significant and nor merely accidental, 

Note, that this heuristic {the mlddle-out search) can also be incorporated quite 
naturally into the system's structure, for the same reasons that the P.M.G car. Namely, the 
■questions the systems would like to asi while applying the heuristic are easily answered 
through the use of reference frames 


l-i Examples. 

In this section two examples of forwardthlining proofs produced by the system are 
presented. The input to the program consist! Of two kinds of lilts; The first contains the 
Cartesian coordinates of the points, and the other is the list of lines in the diagram. After 
the system finishes the first stage (phase 1), which creates the net'erenenframes, the "givens" 
a:e presented to it. As the proof! were produced using forward search (curiouslty * T). the 
main thing to be inspected is the KNOWN it k at the end of the proof. This list contains 


aie the Facta d beared by the system. and therefore it Li possible to determine from this list 
whit prewntage of ihe effort was fruitful, The state of Jen-owledge ][*tj of the the different 
frames at The end shows also. indirect])-, what deductioni the system had done. 

i.3.a Example t. 

The first example is Celernter's 
chabje made, was to introduce ar.other 

Given: 

(Al AS) - (11 IE) 

(Angle (C Al 0) -■ Angle (C Bl G)) 

(Line A£ Al O Bl. BE) 

Prove: 

(C AS) - CC BE) 


Under “phase 1" those lists created in that stage ace shown. Note that some of the 
triangles appear twice In the CQNGRUD Uit The reason for this is. that those triangles 
are isojceles, Consequently, their vertices tan correspond in more than one way. 

The Way facts are attached to corresponding triangles is different from the T - MIL 
method described earlier. Rather, each pur of consent triangles have a numeric value 


second problem which is rather trivial, The only 
point, 0, to complicate the diagram somewhat. 


C 










which sell higher when mnre II known about rhe pur, and codes that knowledge. For the 
sake of simplicity, however, the actual facts known about each pair of triangle) (e.p i_l,| 
wiit be EspSlCJtly titled, iRitttd of the itorei, 

GELERNTER S: Given: 

1 (Segment (Al A2) - Segment (£i B2)) 

2 (Angte {C AL O} - Angle (C Q] Q)) 

ko*1: (Segment CA2 Q - Segment (E? C}} 


Phase fc 

List-af-irjingles: ( {C B2 EL) (C B2 O) <C B£ AL) (C B£ A2> (C Bl O) (C BJ Al) (C Bl AS) 
(C O A]) (C O AJ) (C At AS) } 

Congruent-trLiinigfei: 

{ ({C BE BL) (C A2 AJ)) ((C E2 O) (C. A2 G)) {(£ B2 Al) (C A2 Bl)) 
m B2 A?) (C At m «C Bl G) (C Al O)) «C El Al) <C AJ Bt)) ) 

The PnoaFj 

Lut af all Enown. facs found in the tonne of she proofs 


({Segment (AJ AS) - Segment (Bl B2B 
{(Angle (C Al O) - Angle (C BL O)) 
({Segment (Al C) - Segment (BL C)) 


dta&Ofl; gi^en)) 

(Reason: given)) 

(Reason: LioKeles triangle)) 





<(Triangle (Al AS Q - Triable (El B2 Q) (Reason: s a jJ) 

WAnglt (A] A2 C) - Angle (B3 BS C}> (Reftwn; irlanglE (Al AS G) 

m triangle (Bl a: C») 

((Segment (A^; Cj ■ Segment (R2 Cj) ffteasc-n: LsoKflles triangle)) 

QZ.D. 


Facts attached to triangle* 

((Al AS C , Bl B3 C) match in sa-.s) 

((Al B? C , Bl A2 C) match in &) 

((Al C O , Bi C O) maich in $ 4 ) 

((Al Hi C , B,| A3 C) match Jn u) 

Liit of all the segroEnt’equaljtki explored; 

( ((Al AS) - (El BS)) ((Al C) - (Bl Cfl) 

List Of al] angie-Equalities explored: 

( {(C Al O) - (C B| O)) ((£ Al A2) - c fli B 2 }) ((Al A3 C) - (B L B£ CJ)) 

The "equlvalence-celli*: 

< {Segments; ((Al AS) - (BJ B2JJ ((Al G) - (Bl C))J 

(Ang)ei: ((C Al O} - (C El 0» ((Al AS C) - (B3 E2 C»> > 

Gommenti- £, The eq^avalrnoe cells ate the way transltiv ity is haodiad. All the equal 
segments, ( 0 : angles ebc.} are put into the same cell. 


2. The system deduced (angle CStBJ - angle CA1A2) although lc did rot assert it, for a 
reason irrelevant here. 

% Some of the facts were not attached to all the pouibte triangles, because the attaching 
procedure Stopped upon bating the goal, 

l.S.b Example 2. 

The second example is Celerntec's Tifth problem, which it about as far as Goldstein's 
system can go The problem is: 



(Actually, dne CPK should he a construction-} 
And the syslery'i solution is: 

KN'QWN 


■K(LlNi. (B C) PARALLEL LINE (A K D)) (Reason; given)) 









{(ANGLE (C B D) ™ ANCLE {A D fi)) {Reason. interior alternate an^lFi)J 

«TRIANGLE (B CP)"TRIANGLE<D It P» 


(Reason; a a}) 

((ANGLE (B C P) , ANGLE (D K ?)) (Reason: triin ^ (BCP)k 


triangle (D K P))} 

((SEGMENT {B P) « SEGMENT (P G}) (Reason; |lven)J 
'■ ■ J RlANGLE -,E C P} - TRIANGLE (D K P$ {Reason: a s a)) 


((SEGMENT (S C) - SEGMENT (D R)J 

({SEGMENT (C P) - SEGMENT (K F» 

{(SEGMENT {A O) - SEGMENT (Q Cj) 
({LINE (A K D) PARALLEL LINE (M O 
((SEGMENT (A M) * SEGMENT (3 MJ) 

Q.E.D 


(Reason: triangle (B C P) - triangk 
{D K P)» 

(Reason: triangle (S C P) - triangle 
(D K. Pffl 
{Reason: gi-ven}} 

?)) (Reason: line {M O P) is a bisettor}) 
(Reason: line (M O FJ is a bljector 
and parallel to (A K D)} > 


Now let us inspect some of the reference-frames, and the Oils Use at the end of the 

proof. 

The list gf equivalent cells- is: 

* (Segments: (£B C) (D K» f(C P) (K P)) ((B P) (JJ P» ((A O) (C O )} 

({A M) (B M}} 


fPii»ltelir ((& C) (M OP)(M Dm) 

(Angle* ((C B D) (A D ((S C F) (D K P}} > 

Note, that (E C) (M O P), and {A it D) a,re all in the same parallel cell, therefore they are 
at own to be All parallel. 

Parallelograms lilt; No parallelogram was found. The frame of (A K. P M) for 
example, has one T in its current nice of knowiage list, Indicating that AK si parallel to 
MP, 

List of triangles with bisectors: 

Hi sect list a; the end has the Following form; 

f«D KAKDPB) «C P K) (A M B-)) (nil T nlO) 

((A M B) (A O C) (CM Q F) (B Q) (T 7 T» 

((B M A) (E P DJ «M O P) (A K D)> (X T T)) 

<(C OA)(CP K) {(M OP)(AK D)) (T T TJB 
This means* chat the system had found 4 triangles with bisectors in the diagram, arid 
established this relation in S cases, using the following bisector theorems 
l A line bisecting two sides of a triangle is parallel w the third. 

?■ A line bisecting one side of a triangle and parallel to the base bisects abti the second side. 

Consequently, the proof produced was short and natural. (Note especially the lasc two wepij 


Part U 


In this part we deserve how proofi are produced using the backward chaining 
mechanism. W* shall try to focus on issues ^ general interest, rather then on details of 
implementation. Some details are heeded, however, to follow the discussion. After 

presenting the backward search, solutions to a sequence of successively harder problem* are 
discussed. 

2.1 The experts 

The building blocks of the backward search are. using- Goldstein'* term, the experts. 
For each possible goal, like wgmfflti or angles equally, triangles congruent bisectors and 
parallelograms, there Is a special structure which connects th e goal with the different 
strategies fur proving it Such a structure, which may be thought of as a branch of the 
search tree, is called an expert, It consists of a main node, which is the expert's top-level 
goal, and daughter-nodes' which are all ths possible subgoali, or strategies, for proving the 
mam goal. The experts work hand-in-hand with the P.M.G, (Plausible Move Generator). 
When a new subgoat is added to the search tree by one of the experts, the P.M.G associates 
with it a numerical! value, called thtuuof that goal. This score is intended to measure 
;he plausibility of the goal, chat is. to give some indication of the a-priorl chances to satisfy 
the goal, Goals are scored according to two criteria: a structural criterion, and a current- 
state-bf-knowledge criterion. 

Structural cricerlon: Suppose the current goal is 




A 


(segment AM - segment MB) and the c 
lulti Like [ %1 ]. 

In thus case, the suDgoil (bisector MN) 
is added to the search tree with a Scare 
of SO. bawd only on the fact that the 
structure an the diagram suggests the 
applicability at that subgoaJ. 2 A 

Current state of knowledge criienort: If, in addition to the structural information, it is also 
inown that MN ii indeed parallel to BC, then the stare will raise from 60 to SO points. In 
the case of congruent triangles, the basic score is 30, and each additional known equality 
adds SO points to the score. We symmariie the congruence score as 30 + £0k, where k is the 
number of already known faces. 

l he scoring Khea™ was based on subjective impression rather than on accurate 
computations or experiments. Consequently, the scoring function cannot, in its current state, 
make the fine distinctions one might, perhaps, want to have. Far example, one might argue 
that the equality of one side and one angle gives a somewhat better support to triangles 
congruence thah the equality of two sides. The rationale is, that in the latter case one of 
iwa subgoals is to be established; either the included angle or the third side. While m the 
first case, there are Ihree. possible subgoals, each, of which is enough to satisfy the 



congruence. 





£.2 Bu tiding a search-free. 

in (hi* section deal With two problems related to search trees in genera], and 
present the way they were dealt with nn the system, The first one has to da With the 
inefficiency of And-Or trees, and the other wjth the order of the search. 

In the backward chaining, the tpp level goal constitutes the first node of the search 
tree. The expert of that goat as then invoked, adding the subgoals it found, as. well as their 
scores, as new branches to the tree. One of the subgoak is then selected as the new current 
goal, its subgoals are added to the tree, and so on. 

The simplest structure that can be created in this way, is known as an H Amd-Or tree*. 
The name follows from the observation, that it can be represented as a tree in which each 
gcal stems from either an "and 11 or an V node, as shown in figure L 2.2 t Such a structure 
makes it easy to determine whether the tcp level goal is implied by the proof of a given 
subgoal. All one has to do is try to ’’climb" up the tree to the top level goal following the 2 
umple rules: 

1 . An "or" goal is established if at least one of its subgoals is proved. 

2, An "and" goal is proved when alt Its subgoals are. 

However, a pure And'Or tree is not very efficient Consider, for example, the 
problem of proving a congruence. Even in the case of a simple triangle, (not a right angle 
or an isosceles one) the produced subtree will have a 13-branches "or", each terminating in a 
S'b ranches *and". [2.21 
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BD-YZ 

AC-XZ 

BD-YZ 

BD-YZ 

bc-y: 

ad*xz 

A - X 

A ■ X 

A - X 

AC-XZ 

B - Y 

t p 2 

A - X 

a * Y 

B * Y 

B - Y 


AND 

A - X 
C - Z 
A0-XY 


AND 

ft - X 
C - Z 
SC-YZ 


Afd 

A - X 

c - z 

AC-X2 


AND 

B - V 
0 - Z 
A&-XY 


flJND 

0 - Y 

c - z 
ac-YZ 


Ara 

e - Y 

c - z 

AC-V.2 


Figure 2.3: The cong?tiien<w and,-Or (rae 


That is, 39 branches, while there are only $ distinct subgoals: 3 angles and 3 segments 
equalities. 

Ai We iaready have at hand sane forward- search mechanism, it is reasonable to 
make use of it to overcome this difficulty. In addinon to "and" and "or" nodes, a new kind 
of node, -called V^all " was introduced, fo: example, the goal {triangle ABC ■ triangle 
XVZ) can he replaced by the fry-a.ll of its 6 different ssibgoais. AH the 6 are then searched 
and whEn one nf these equalities is established, i: is assarted . The assertion of a goal 
inn lares an attach-and^expiore cycte, namely the system switches For a while to forward 
search, and it witches to see whether the main goal will be deduced from the nEwly ma.dE 
assertion. 

Instead of 39 branches, we now have only 6 . The use of the forward mechanism 
insures that, whenever enough sobgcals are established, the miin goal will aho be deduced. 

£.3 ThE order of the Match: Best First. 

After attaching a new branch to the search tree, the next decision to be made 
concsTTis which of the subgoals is to be selected as the next current goal. The natural 
candidate is the highest scored jubgeal. However, there are two different waya to do this. 
Consider the following search tree- 




Each node- represent! a goal. 


£ 


subgoal of A. ft is the highest 


and the numbers ate the scores. 


We first select B as the highest 


C 



subgoal of 3, and wifi be chosen 
Lf we simply iterate the procedure 

"follow the highest scored subgoaf. One might, however, prefer to back up at this stage, 
choosing G instead, because goal B did not turn out to be as promising as it first appeared, 
and G is now the highest scored subgDil. This latter approach is the one used by the 
system. However, it will not hack up iF the score of C - score of D or E, 

To he sure, before a subgoal is added, the subgoab list has to be inspected to verify 
that it is not there yet. A goal which ha? no new subgcals gets a 0 score and is nevEr chosen 
as the current goal. 

Keeping track of the tree structure- The internal representation of the March tree is a list of 
a SI. the subgoals. With Each goal 3 numbers are associated: the f irst is the goafs own 
identification number. The second js iu parent'* node number, and the last one is i« score. 
Thus, if MN is a bisector, it might appear in the subgoals list as;( (bLsKior MN) 9 160], 
meaning that it ES goal no. 9. a Subgoal of goal no. 1 and With a score of ftp. 


In the following; 3 pages, some of the experts are graphically represented- 

Each nude bears a name, under which, the name of the list the expert inspects, (if any) and 

the scoring schema are shown. 


Segment equality expWT. 


sagnent hE - oegdant KY 


]f it la KMDUN Or CELLS I is* - done. 



- oa-ad;iat 

50 30 + 2Bt 

tar Ithmttlc( n tnadian) 

Comments: lMBC43w-i means that Its. subgoal l; angles -equalltr.. The angle equably expert 
Inas an iscitdes'i iubg&il, which ;s later replaced by the appropriate segrmr^equaliEy goal. 
Transitivity means finding l segment CD J.t. AB - CD - XY On the diagram). If CD n 
already known to be e^ual tq AB or XY, the score u 55. otherwise it is 25. 

Segment equality methods basid upon theorems involving arithmetic or median are not yet 
implemented. 










Angles equality expert: 


4ng.le ABC * an^j* >! V'Z 


tf It 1 b in KNOUN gr in CELLS - oonH. 



56 

transitivitj 
c*lla 


cong^udllet 
33 + 23k 


53 


i = r- i Sheial I e) 










Parallel fines expert. 


I ifle ll'rteL) pQra 11 e: I lint £ J IfteZl 


if it is already in KIJCUN Or C£LLS - dona. 



\ 

ang1e-a 

1 

para 11e1agran 

1 

bisector 

cells 

paracIist 

bisecUia t 

2 $ 

30 + 2Bt 

£0 4 3Sk 


transitivity [arithmetic) 


cal Is 







24 EXAMPLES, 


ir chtS section w« present solutions to 4 Whence of successively harder problems, 
with the goal of getting a more concrete impression of the system's abilities and limitations. 

l ne baciward-jearch part of the system was net implemented as an autonomous 
theorem pro vet. Instead, the search algorithm was written as an interactive system, The 
user has to state his top-level goal, then the system starts asking hum questions, to which he 
responds by typing in the answers, for example Suppose the goal it {line line! is parallel 
to line line#, the system will present the PtradlLft which 9$ the iLst oF all parallelogram in 
the diagram, and ask. whether The two lines are opposite sides oF some parallelogram The 
system does mast of the bcokkeeping, scoring, finding the next subgoal e*. The joiutibti to 
the third example includes excerpts from such 1 dialog with the system, while in the other 
cases only the search-tree will be presented, 

24 a Example L 

This first example is n« really a geometry problem. It is only used to demonstrate 
the intfJLciency that results from a rigid Structure of control- Suppose there is a congruence 
expert, which ines to satisfy its main goal by applying its strategies in a fixed, pre¬ 
determined order. Let the order be like in Goldstein s B.T P. (the version with no P.M.G, 
and which creates almost pure And-Or trees.) 

This expert is illustrated on the next page. 


triangle KYZ 


trangle UYU 



l (■ the triangles are ident 

1 

^ „ 

icai - dona. 

r~ 

It 3 ,a ,5 

3-, 3. 5. E 

5, trars 

XY - UV 

ony side 


YZ - YU 

ang1 m Y “3ng1e V 

• 

' 

n - W 

ang1 b Z m angl e 4 

■ 

. 


i 4 3 4 tL' B 

4» nailing 

>■ 

Z5 

1 

>- 

!X 

YZX - YiJU 

VI - vu 

IX Y * UJY 

angle Y ■ angle V 



The problem is; 

Given^ 

t. angle 2X¥ - angle WUV 
% angle XYZ - angle UVW 
S. segment XV » ectt LTV 


Prove: 

triangle XYZ - triangle UVW 

V V 



W 









The expert beg ini by. 

Try s.i.i: XY ™ UV success 

YZ-YW failure 

Some computation is needed here. The Srgmenrs equality expert is 
invoked. As the only subgoal [t finds, is (trtangle XY 7 - triangle 

uvwj, it fail*, 

Try ta-t XY - UV success (already known} 

YZ - VW fa,lure 

This limt It falls immediately, as it remembers past failures, 

Try aa.s: XY-UV success 
angle Y »artgle V success 
angle Z - angle W failure 

The ang.ss esprit is in voked, and fails. The congruence expert now cries "naming* chat is, 
(triangle YZX - triangle VWU), but fails. It succeeds only with the East strategy, (i,a_s) and. 
Che last permutation, (triangle ZX.Y * triangle WUY). 

l his is iudeeu a trivia, case, and things will get worse in cases where each subgoal 
requires a considerable amount of computation As mentioned in earlier sections, t_he try-all 
rT>e:hpd ' ^ the incorporation of a P.M.G will help solve tha difficulty. 





ElUmpk 2 . 

Givcm HE ■ ED 
ED - DC 
AB - DC 

M ND parallel to AC 
Prove-, angle CAD - angle DAt 


A 







The CDcnptew jearch'tree \i- 


gndle - a gale, DAE 


irars'it! vi tu 50 
anyIe ADR « angIe 3At 


1 

i boscaI ea-e 50 conquer| 70 

triangle: ADN trtang I a AD-1 ■ triangle ADe 

try aU 


an. riAC - an+ ACE an, AP1W * an. AED 


S-gnq-geiC-e 7.0 

triangle AEB - triangle DIB 
tr^-aI I 


r~ 

a; ■> DM 


M - ao 


an. BAE » an. n3B 


an. AE9 - angle DUE 


















Comments: "an." is an abbreviation for "angle", 

The underlined subgnab are the onej chosen by (he system 

In the forward search phase, the following was, discovered: 
segment AM -»segment MB (reason: bisector) 

Consequently, and with the help of the Cells list, the following segments are known to be 
equal; AM - BM - B-E ■» DE 

angle CAD - angle ADM (reason: parallels). 

Note, that the above tree is not ju« the proof tree, but the search tree; all the 
possible subgoals are presented, Goals chat are already established, or that appear higher in 
the tree, are not considered as new subgoals* therefore seme of the "cry-alls - have only not 
6, subgoals, 

2Ac Example S* 

^j' L ' ET1 : CQand EQare angle bisectors. 

QL r QM, -qK, are perpendicular to the corresponding sides. 

^ r ' DV ' e : AQ^is also an angle bisector. 

(The three angle bisectors of a triangle meet at a pointj 




B 



While [he previous problem too* Nevios' system about A seconds eq wJve, thli one 
involved many mart cemputationi, and took about 4Q seconds. The reason is, that the 
backward search mechanism made same fruitless attempts [hat were time consuming. 

To give a better description of all the steps [he system must follow till it reaches the 
solution, the greatest part of the search protocol is also given. 

Search protocol, using the interactive system. 

(calling OT\£it expert) 


(Angk-eitpift is ready, please type your goal ) 





((angle - an^-fe IaQ) 0 0 Q) 


■> 

Comment As explained in Z% (page 25 } (0 0 0 ) indicate! (Hat this as the cop level goal, 
(ii the goal In the Known or Co Ik lists? the Cells Use it} 

<{paralle]s:i 

(segments: {cm - d) {bm - bk) (ql - qm - qk)) 

(anklet facq - etq) (mbq - kbq) (gqm ■ cql) StHjk * bqm) {qka » qfcb » qU * qle * qmb - 
qmc))> 

"> AO. 

{Try parallels; are the angles known to be equal as a consequence of iLready established, 
parallel lines? {search parallels in the Cells list}) 

«*■ ite. 

(Try isosceles are they in an. isosceles triangle?) 

«> no. 

{try congruence: are they corresponding angles of a pair of congruent tiling Its in the 
diagram? the Congrudltit is:} 

<{a k q} - (a | q) {c l q) - (c m q) (b k q) - (b m q)> 

-> jier, 

{Type the congruent crjangles.) 

-> ( AKQ_ ALQ) 

(score - 30 * 20tt please type the score) 

Comment; k Ls the number of known equalities,, as explained in 2.1 


TO 


{(congruent AKf^ALQ) 10 70) 

(Try similarity; are they correspondIng angles In similar triangles? Si midlist iij 
nit 

-> no. 

(Try parallelograms: are they Opposite angles of a parallelogram? Pandlist is:) 
nit 

■;> no 

i»y transitivity: check. whether at least one of the two angles- appears in cells) 

{Cells list is displayed again) 

■> nc, 

(Search the parallelise Is there a pair of parallel lines that might imply the angles equality? 
parallelise in) 

hi! 


-S TOfl. 


(end of angles-experi) 


The SLtbgoals list at this stags It 
{((angle kaq - ingle laq) Q 0 0) ((congruent akq alq) 10 
(edltTig cengrumct-ixpeTi) 

(Congruence expert is ready. Please print your goal) 
m> ({tmngie AKQ -tnongit ALQ) I 0 70) 

{Type in the first triangle) 


-> (A K Q) 

(Type in the second one} 

(A L Q) 

fl will mow print ant the passible subgaals. If the subgoal appeared already in 'subgoals* 
print 'no", If it n already in Known print Y. Otherwise print ‘yea + h Indicating that you 
accept it as a subgdal} 

(ak « a!) 

*> yts. 

(^q - lep 

yti_ 

(aq - a.q) 

*> T. 

(angle AQK - angle AQL) 

<*> yej t 

(angje QL A - Afigk QKA) 

-> T 

{As it happens to be already in Known ) 

(end or congruence eiptit. Expand now all the try-alls) 

the iubgoali liir at this stage is: 

<((angle ika^ ■ angle laq) D 0 0} 

((congruent akq akj) 1 0 7£r) 


crjf-a.11: ({at - it) 2 I yes] f(kq - tq) J I yes) 

(c«l - aq) 4 11) Wangle aqk - angle aql) b 1 yes) 

((.ingle qla - angle qka) fi 1 E) end-cry-ili)* 

Comment In the case of Vy-all" all the subgoals ire to be espnded. ThLs is indicated: in. 
the syjiem by the Hag 'yes' replacing the numenc score. 

fcfflliliTJf itgmnii-rxpttL) 

(segment'ejtpert Ji ready, print your goal.) 

((itgranl hj m segmiru Iq) 3 I yt$} 

(is it in known or in cells? the cells list is:) 

^parallels:) 

(legmenu: (cm - cl) ft m - bk> (qt - qm - qk}} 

(angles: (deq - ecq) (mbq *■ (kbq) (cqm * eql) fbqk - bqm) (qka - qkb ■ qla - qlc - qmb - 
qmc))> 

-> yts 

(subgqai proved) 


The entire search tree isi 


angle KAQ - angle {)&_ 


congruent 70 

triangle AKQ - triangle AUQ 
try-aI I 


QK - GL angle AQK - afiglfl ApL 

Comments; Subgrab which are known u» be true, like (angle OKA -angle ■qjl.a) are not 
shown u subgoals. 

In the forward phase, the following was established: 
triangle CM Q- triangle CLQ, 
triangle BMQ,- triangle BKQ. 

Th * S««h 'was quite short, SO that this problem should not be rcwre difficult for the system 
than thr previous one. 

2Ad Example 4. 

This is the most difficult problem solved by Nevins' system, 

Clv?n; AM - MC BN -Nr Prove: AC - DF 

BM - MP £N - NQ 











AB i DE BC ■ EF 


BM - EN 


Diagram for problem 4, 




Iri the forward search, the system discover** that ABCP and EDQF art 
parallelograms. It also discovers, all the congruent triangles within Each parallelogram. The 
backward search tree is larger this time, thretort it will be listed rather than Shown 












graphically. 


Backward search: Top level goal n AC - DF 
The goal hi! two subgoals; 

L triangle ABC ■* triangle DEF r score ■ TQ, (Two iidej r equalities already known), 
2. triangle AGP - triangle DFQ, score . ?0, fTwo sides, found in 
The first one is Chosen, and replaced by its 'try-alft 
3. angle ABC - angle D£F. 
i. angle SAC ■ angle IDF, 

5. angle ACB - angte DFE. 

(The Dthe: subgoals are either known or previous goals.) 

Ndw, the "try-ilfs are searched and scored. 

Subgoals of 3: 

6- Traruitiviy. score - 5D. 

Subgcais of it 

7. triangle ABM - triangle DEN. score ■ 7p, 

& Transitivity, score - SO, 

Subgoals of 5: 

•9. triangle BMC - triangie INF, score - 70. 

The system now chooses goal 7. It does not back up to an equal-swr* subgoaL 
Subgoals of 7 are th* "try’!!:"* 

EQ. angle ABM - angle DIN. 



It. angle AMB » angle DNE. 

The system also tjjei AM « DM, but this a not realty necessary. It duel not dial with 
arithmetic, leaving it to the forward search. But if it did, AM - DNI would have been one 
of the first subgoals, and therefore not considered here. 

Subjjoai of Lb is: 

*2 triangle ABP - triangle DEQj scone - 70. 

And of 11 ]i: 

35 Transitivity, scare - S3. 

When 12 is picked, AP - DQ.H found in Cells and BP ■ EQ.by arithmetic. When they ire 
asserted, a forward search cycle- is initiated,, apd the top level goal is also deduced. 

Similarity ii usee only when two triangles which are similar, hut not congruent are 
found, The rationale is, that the system might as well try to establish congruence If it 
discover*! that they agres in 2 angles, Similarity Will be deduced anyway, 

The main difficulty in this problem is the symmetry involved, Symmetry is also the 
reaioti that the system chooses a current subgoal in the case that both it and a previous goal 
have the same score, In problems with much symmetry many subgoals at the same level 
might have the same score, and J: is not advisable to explore all of them. Note also, that 
because of that the system ;s not geared toward finding always the shortest proof. To 
produce the shortest proori, it should follow the "belt flrit" rule, but also have the ability to 
deal with symmetries. 


2.5 Difficult problem*, 

The issue of soLving difficult problems is closely related to some whir wplc* often 
raised in 4,1 research, such at abstraction, planning and learning-. Upon attacking a 
problem, especially a hard one, one or:th begins by generating soffit abstract plan, and It 11 
UK until a later stage, that one worries about filling in alt the details. The abULty to analyze 
the problem in fiot-too-dctailed terms IS, at that Stage, oF great importance. Abstraction ako 
plays an important role m learning, For example, a crucial probkm in the geometry 
learning process is the extraction and representation of the new knowledge gained in the 
course of finding a proor to a theorem. 

In this section, the system's features that enable It to genrr^te some plans are 
discussed. In the particular domain of plane geometry, the most difftculr probiems are those 
which require clever constructions. The question of intorporaing construction heuristics in a 
geometry theorem proper was addressd by R. Wong in his M.Sc. thesis, <Wong 72> and 
here are two of hii heuristics. 

]■ situation: A3 is parallel to CD. 

AB is, not equal to CD, A B 

r~ 

goal: AB * XY ■ CD «■ UV. / 

/ 

construction: j 

line AP parallel to Be. -^- 

D P C 






2- situation: angle ABY - angle CBX 



\ 

C’ 


M-ose, that in chec alii g the applicability of a goal, certain structural relations are to be 
mined. In Wong's heuristics, relations like 'same side" or "inside" are often to be 
determined. 

But the role of the diagram does n« end here. Even preconditions like segment or 
angle equalities are often verified on'y in the diagram (as opposed in being proved.), 
following which a construction is made, and on ly then the Foma! proof follows. Take For 
esample the condition *AB is not equal to CD"; one is no: supposed m prove this sawment 
before applying the construction, but rather, to verify Et in [he diagram. It seems plausible, 
therefore, that if a system is to have powerful constructive capabilities it should include 
semantic processes (that is, analysis of the diagram] interacting with its other parrs. In this 
respect the approach represented in the described system might be a step in the rlgbi 
direction. 

The diagram pre-processing and the creation of the rtfsrwcerfrimes. are also useful 
for getting a global picture of the problem, That tj because they enable the system to notice 
the important relations in the problem, and organite them in compact concepts like 







parallelograms, bisectors ot congruent triangle*, To make this point dearer, a plan" was 
produced with the help of the system, by usmg the following procedure; 
l Make a backward sEarcb from the top kval goat to depth 2. 

2. State the 2 highest KOred subgoais in each of these 2 levels. 

3. Examine the difFerent frames, fund the highest scored one. (-middle search}. 

Return, for example to example ? r and examine the produced plan, 

In level 1 there was only one subgoal. transitivity. En level 2 there were 2 iubgoals, 
congruence and isosceles, The highest scored Frame is (triangle ABE - triangle DBM) (the 
hisecar is not to be counted, because it had been already proved). Now put all this Into a 
more Human-Elite Form, and the result is something like. 

In order to- show that angle DAN - angle CAD, f have to prove that angle DAN is 
equal to angle ADN. To do this, I ran either establish the congruence of triangles 
ADM and AID, or that AND it isosceles. T1J try the congruence First, It also seems 
plausible that mangle ABE «■ triangle ADM, to 1 might try to establish and use that'. 
The above procedure is not intended to w ar k as a plan-generator, but rather to show 
that due to the diagram processing stage the system acquires some capability of stacking the 
planning probiHii in a rather natural way. 


PART EEE 


SEMANTIC AND SYNTACTIC SYMMETRY. 


One of Gdemter’s primary cancer Jit in his original wort on Geometry Theorem 
Proving was the problem of J]/mwtry in mathematical proofs. The problem li m clarify 
whEn, r and on what grounds, a mathematician is justified in giving only one part of a proof, 
and claiming: that the other part is dons in a similar, or symmetric, way. Gtlernwr had 
implemented an algorithm that was executed before the beginning of the proof search, 
producing all possible symmecrits in the problem. Then, when the system was about to 
establish some subgoal, it first examined the list of all symmetries to check whether a similar 
subgnaL had already been proved or searched. His purely syntactic definition of symmetry 
will be eKplaincd in the next paragraph. YVt will, however be interested in a somewhat 
different problem. Rath'S' than procreating all possible symmetries we shall address the 
issue of similarity between two given goals. let section & we shall see how this problem can 
be solved in our system The solution will be based on the notion of semantic rather than 
syntactic symmetry {The term Semantic" indicates that the diagram is used,)’ 

Syntactic symmetry. 

The definition of symmetry Embodies the idea that two goals, are similar If it is 
possible to prove one of them by re-naming the variables in the proof of the other. 

Let Hi (HI a H2 a tM * it /\ Hn't be the conjunction of ail our hypotheses, 
GGALl be out goal, and s be the sec of all variables appealing in H. Another goalj 


GOAL2 Ji tan- to be similar or symmetric to GOALI i-f thete exist a permumlon fi of the 
variables a such that: 

3. GOAL! (naii - GQAL2 
2 H (ira) - H 

where wx Ls the permutation n of the variables cl 
E xample Suppose we are given (he following: 

3. Segmet (A B) ■ Segment (A3 Bl) 

?- Segment (A G) » Segment (AL GL) 

X Segment (E C) - Segment (EL CL) 

arid GOAL] .i (Angle (A B C) ■ Angle [Al Bl Cl)), bi If we are alio given: 

Ji. Segment (X Y) - Segment (XI YE 
2a. Segment (X Z} - Segment (X! ZL) 

3i. Segment (Y Z] - Segment {YJ Zl) 

and GOAL2 i£ ■{Angle (X Y 2) ■ Angle {XJ YJ Zt)), we can say, according to Che above 
definition., that the two goals are SLmiiar under the permutation Pi: 

X <-A Y <- B Z *-C 
XL Ai YJ c- BL Zl <- Cl 

However, goai: (Angle (X IY). Angle (XJ YJ ZIftis not ro be considered iMhr to 
COAU 

Y^hat Getemters algorithm did, wai to produce ail the permutations. ft such that 
Htna} - H. Then, if the system wts up a iiibgoai 5UEGOALL it on search whether it had 
already proved or Stanched the same goal under different variable naming. 


Semantic Symmctry. 

For the purpose of the current section we shall slightly change thfi format of the 
reference trames described in part ], Each frame will be a lilt whose first element as a. 
geometric figure and the rest are all the relations between pairs or its elements, all of them 
in canonic: form. The frame of parallelogram (AGCO) wttl thus b# 
*(ABCD)(AB-CD) (AC * BD) (AB Parallel CD) (AC Parallel BD) 

(Angle DAB - Angle BCD) (Angle ADC - Angle ABC) > 

Some definitions; 

NEIGHBOR of a goal GO ALL is any goal that ]s found in a frame in which 
GOALE IS also found. In the above example of a parallelogram frame (AB - CD) Will be a 
neighbor of (AC Parallel BD). 

The frames are to be constructed m such a way. that if there ts a rule of inference in 

the system of the Form tQl * G2 „..AQn s G0AL11- , then QJ to Qn an? alt 

neighbors of GOALL in (at least) one of the frames. Therefore, if the system knew the rule 
that equality of diagonals in a quadrilateral Implies that the quadrilateral is a paraljelogram, 
the relation between the diagonals, or (AC ■* BD) in nur example, should have been added 
to the parallelogram frame. 

S’AME-POSiTlOF'f (GOAL! GQAL2); Two goals GQALI ind GOALS are said to 
bt in the same posLtmn in the frames if fnr each franc GOAL! Is in. there is a frame in the 
same use in which GOALS' is a menber, and vice versa, Note that one oF the lists is the 
KNOWN list, [he list of all Statements established SO far. Therefore Same-position (GOAL1 


GOALS) implies, among other things. that GOALI has already been established if and only 
if GOAL? has been. Informally, <AB - CD) and (XY - UV) are in the SAME" 

?OS3 l ION, Lf they are members of similar geometric figures, and if we have about them 
the same amount of information. This is, however, not enough: wc wash to assert that their 
neighbors, which are [hear possible antecedents in the proof, arc also in the same-position,. 
For this end the EQUIVALENCE relation U defined, 

EQU1V ALtNCt: I wo goals, GOALI and GOALS, arc said to be equivalent of 
order 0 t GOALI * GOALS) if there exists a permutation n such that 
a. GOALi (net) - GOALS, 
tj. Sarme-positieirt {GOAL], GOALS), 

GOAL] IS fju.Lyalenv of order n ; o GOALS {GOAL] * GOALS) if there exist a 
per mutation n such that 

a. GOAD {ltd) ■ GOALS 

b. For each Pi, a neighbor of GOAL], there is a P'i, a neighbor of GOALS, auch 
n-i 

that Pi «- P'i. (Under the same permutation.) 

GOAL! ii equivalent to GOALS if they are equivalent of any order. 

Lemma: 

If GOAD has a proof of length n,tnd GOALS ~ GOALI, chen GOALS as well ha* 
a proof of length n. (Which is the amt proof as that of GOAD, with the permuted 
variables). 


Proof: 





By induction. For n - 0: COAL! his a proof of length Q only if it lj in the 
KNOWN list- GO ALL - CQAL2 implies that they are in the &AM E-POSIT EC N, 
therefore COAL? Ii also In the KNOWN list and therefore ha; a 0 - lengTh proof. 

The induction step: 

Let GOALl “ GGAL2, and GOAL] his same proof af length n+l. The last seep of 

this proof is of the form; PI a PZ a,.aPr j COALL From the definition of 

equivalence, there eitist a permutation n such that P3(n^> - P'l Pans) - P’2,_,Pn(rtw) - 

P n. w.nen P'l_ ^..P'n ire all neighbors of GOAL?, and. by the induction hypothesis, ill 
have proofs of length n. 

P'l a P'2,, t ♦.,Ap'no GQAL2 wffi be the M'th step in the proof of GOAL?: 
Corollary; 

If GO ALL GOALS, then GO ALl is provable if and only if COAL? is and the 
proofs are the same, except for the variables naming. 

Comparing Semantic and Syntactic Symmetries. 

Orte basic idea was common to the two notlnrit cwq proofs are symmetric if they 
have exactly the same structure but deal, perhaps, with a different sk of point’ 

There are, however, two SLgnifjca.nl differences: 

1. Incorporation of semantic predicates, thereby constraining the possible permuTitions. 

By checking that SAME-POSlTlON (GOALL GOAL?) (a predicate which cannot be 
used in a proof) we verify things li*e: Both ( AE CD ) and ( XV U V > are corresponding 
sides of Qf CONCRCD {congruent by the diagram) triangles. If this test fails, {AS - CD) 


and (XY * UV} are net to be considered symmetry goals. 

2. Restriction of the requirements co the relevant points. In the syntactic symmetry definition 
it was required that the conjunction of all the hypotheses will transform into an equivalent 
sentence. In the semantic symmetry, on the other hand, we inspected only those predicates 
which are connected to Lhe goal? Through Soane chain of neighbors. 


The two differences stated above have rhe following implications; 

A, Efficiency Of the search. 

The main Step lit showing symmetry is finding the right permutation. Consider the 
following diagram and set of predicates: 






Segment (A 3) - Segmen: (Al Bl) 
Angle (D A 3) - Angle (DJ A] Bl) 
Angie (A B C) - Angle (Al Bl Cl) 
Line- (A □ C) t Line (Al til CL) 









The goal is M) ihow Segment (A C) - Segment (AJ Cl), 

]f goal? is to prove Segment fX Z) - Segment {XL Z\), we know from the requirement 
i.hat goalKan, - gea]2, some constraints on the permutation. A possible such permutation is: 
A is transformed to X, C -> Z r AJ -> XI, Cl -> Y(. Eut to what does D transform? 

(remember the diagram IS fiOE to be used). 

Proceeding on syntactic grounds, we notice that D appears Lft the predicate LINE (A 
D C). Therefore we look for a predicate LINE (X ?Y Z), and the value of ?Y will be a 
possible candidate for nD. The problem is thar We might have many such points satisfying 
LINE (X ?Y Z). The use of semantic predicates, namely predicates ahum the diagram, will 
limit the number of candidates Ln the same way that it does in the proof search. Suppose 
we have f Qr example a predicate CONORUD (A B C X Y Z) which is TRUE if triangle (A 
B C) is congruent in the diagram ig triangle (X Y Z), The number of pnmts satisfying 
CON'GRUD- (A B C X Y ?Z) should be quite smaller Chen LINE (X Y ?Z), 

B. Weakening a too-stnong requirement- 

i he requirement that H (rn*) i H, when H is the conjunction or all the hypotheses is 
too strong. Suppose Wc have {figure 3.1] a predicate (between A £ L>, Stating Chat A is 
between K. and L, as par: of the given. In that case, the transformatoim of A to X makes 
the predicate false, {and there are no other 'Candidates for K and L). Consequently GOALS 
is not to he considered syntactically symmetric to CO ALL. However, as there is no chain oF 
neighbors from the goals to the predicate (ben™ a K L) „ GGALE is still semantically 


symmetric to GO ALL 


the question ©f incorporating the notion of symmetry into the system is to be 
considered. Producing all possible lymmerrin a priori li computationally explosive. Art 
alternative wajr is to Filter out these goals which are “rather similar* Using 1 the above 
definitions, we can note, for example, the equivalent goals of tinker t, and put them aside. 

If proofs fOT two such goals are requited at i later stage,, we might eLthCr check 
Whether they are indeed symmetric or prove one of the goals and then try to apply it to the 
other one, and even modify ^c if it almost works but not quite^ 
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